This review is an extended version of my two short reviews of Duda's book that were published in MathSciNet and Mathematical Intelligencer. Here it is written about the Lvov School of Mathematics in greater detail, which I could not do in the short reviews. There are facts described in the book as well as some information the books lacks as, for instance, the information about the planned print in Mathematical Monographs of the second volume of Banach's book and also books by Mazur, Schauder and Tarski.
Figure 1. Front page of Duda's book
My two short reviews of Duda's book were published in MathSciNet [16] and Mathematical Intelligencer [17] . Here I write about the Lvov School of Mathematics in greater detail, which was not possible in the short reviews. I will present the facts described in the book as well as some information the books lacks as, for instance, the information about the planned print in Mathematical Monographs of the second volume of Banach's book and also books by Mazur, Schauder and Tarski. So let us start with a discussion about Duda's book.
In 1795 Poland was partioned among Austria, Russia and Prussia (Germany was not yet unified) and at the end of 1918 Poland became an independent country. This was a good period for some remarkable development of science. Great mathematical centers were created in Warsaw (with Sierpiński, Mazurkiewicz and Kuratowski), Lvov (with Banach, Steinhaus and Mazur) and Cracow (with Zaremba andŻorawski). Unfortunately, Zaremba andŻorawski worked separately, and no mathematical school was formed in Cracow before the World War II. They did create, however, a scientific milieu in Cracow (cf. [3] and [30, pp. 217-220] ).
The Lvov School of Mathematics was a group of mathematicians in the Polish city Lvov (then Lwów), active in the period 1920-1945 under the leadership of Stefan Banach and Hugo Steinhaus who worked together, and often visited the Scottish Café (Kawiarnia Szkocka) to (MM). It was an expanded edition of an earlier book that had appeared in Polish in 1931. The second monograph written by Lvov mathematicians was the Kaczmarz-Steinhaus book, Theorie der Orthogonalreihen, published in 1935 as volume 6 of Mathematical Monographs. In my opinion also volume 3 of MM published in 1933 by K. Kuratowski Topologie I. Espaces métrisables, espaces complets was written when Kuratowski was working in Lvov.
Lvov mathematicians participated actively in mathematical life. Every four years International Congresses of Mathematicians are held, and they are the most important and the most prestigious mathematical conferences in the world. It is a great honor to be invited to give a plenary lecture or sectional talk at the Congress. Lvov mathematicians participated in three congresses in Bologna (1928) , Zurich (1932) and Oslo (1936) . The author writes mostly about Banach's contribution to these meetings.
We should mention that in Bologna the Polish delegation was the seventh largest, consisting of 32 participants. From Lvov came: Banach, Chwistek, Kaczmarz, Antoni and Zbigniew Lomnicki, Nikliborc, Ruziewicz, Schauder, Steinhaus, Stożek andŻyliński. On September 8, 1928 , Banach delivered a sectional talk, Sur les systèmes d'équations lineaires fonctionnelles. A twenty-strong group of Polish mathematicians participated in the next congress in Zurich. Sierpiński gave a plenary address Sur les ensembles de points qu'on sait définir effectivement and eleven Polish mathematicians delivered sectional talks. Among them two were from Lvov: Kuratowski and Ulam.
At the congress in Oslo, Banach gave a plenary address, Die Theorie der Operationen und ihre Bedeutung für die Analysis. He described the work of the whole Lvov school, and he also spoke of the plans of the Lvov mathematicians to develop their ideas further. Moreover, among the sixteen sectional talks there were four given by mathematicians from Lvov, namely Kaczmarz, Mazur, Orlicz and Schauder. S. Mazur and J. Schauder presented a talkÜber ein Prinzip in der Variationsrechnung, in which they proposed an abstract approach to the existence of minimizers of variational problems.
Chapter 9, "The Popularization of Mathematics," lists academic and school textbooks written by mathematicians working at UJK and PL. Among authors were S. Banach, A. Lomnicki, W. Nikiliborc, W. Orlicz, S. Ruziewicz, W. Sierpiński, W. Stożek and E.Żyliński.
Chapter 10, entitled "Social Life", is devoted to the Scottish Café and the Scottish Book. Duda's description shows that the social life of the Lvov mathematicians was intimately connected with their mathematics, and makes clear that in the "Golden Age" it often mixed with humor, friendships and competitions. It starts with information about mathematical discussions, which took place in cafés near the university, first in "Roma" and after one year, in the "Scottish Café". We should mention that the atmosphere in Lvov was one of enthusiastic collaboration. People were very interested in each other's problems. This enthusiasm was an expression of satisfaction Poles that their country gained independence.
The table used by Banach, Mazur, and Ulam was the most important one in the Scottish Café. Mathematical conversations led to new theorems and exciting mathematics, but often were written only on the table tops. In 1935 Banach's wife, Lucja, bought a thick notebook to be kept in the Scottish Café for the mathematicians to use to record their problems, conjectures, comments and solutions. The notebook was available to any mathematician who asked for it at the café. It became known as The Scottish Book. The first problem was written by Stefan Banach on July 17, 1935 and the last one by Hugo Steinhaus on May 31, 1941 . Some of the problems had prizes for their solution, like a cup of coffee, one small beer, five small beers, one bottle of wine, a bottle of wine of measure > 0, lunch at the Dorothy, one kilo of bacon, and a live goose! The last one was offered by Mazur when he posed Problem 153 in 1936 about an approximation property. In 1972 Per Enflo constructed a separable Banach space without the approximation property, thus a space without a Schauder basis. He presented a lecture on the solution in Warsaw, at which Mazur handed him a live goose as the award which he had promised in 1936. A Polish newspaper published a photo of the moment; it is a pity that the book under review does not contain a photo of such a remarkable event and that is why I attach the photo here. The Scottish Book contains 198 problems, written mostly in Polish, but also in German, Russian, French and English. More than one hundred forty problems were formulated by the Lvov mathematicians, and the largest number of problems were written by Ulam (62=40 of his own problems, plus 22 joint problems), Mazur (47=22+25) and Banach (23=14+9 On page 89 Banach's fixed point theorem (or Banach's theorem on contraction) in Banach spaces is presented, which is an abstract version of the method of successive approximations. Let us mention here that the Italian mathematician Renato Caccioppoli observed in 1930 that Banach's proof works for complete metric spaces. Therefore, this result is also known as the Banach-Caccioppoli fixed point theorem (at least in Italy and Russia).
Chapters 15-18 present the main achievements of the Lvov School from the 1920s. The presentation begins with first papers by -Lomnicki and Steinhaus -where probability was considered as a measure. Both papers were published in Fundamenta Mathematicae in 1923. Lomnicki's paper was submitted in 1920, however, Steinhaus's paper in 1922. They do not cite each other! Axiomatization of probability, using measure theory, was finally done by Kolmogorov in 1933. Steinhaus does not cite the Kolmogorov in his work and he didn't accept his axioms. Rather, he defined the stochastically independent functions (similarly to independent random variables), and in the years 1936-1940 he published, together with M. Kac, six papers concerning such functions. The English translation of this Chapter 15 has only the first part "Probability Theory" of the original Polish version; it omits the second part, "Semi-Final in the Mathematization". This title is connected to Urbanik's quote from 1973: In the language of the sports commentator, one can say Kolmogorov got to the final, but the two Polish mathematicians A. Lomnicki and H. Steinhaus got to the semifinals.
Next, Duda initiates discussion about the measure problem, which has no solution in R n , for n > 2, as was proved by Hausdorff in 1914. Then in 1923 Banach showed -contrary to expectations -that for n = 1 and n = 2 the answer is positive. Banach's solution caused quite a stir, although he used in the proof the axiom of choice. Moreover, Duda presents the history of the Banach-Tarski paradox from 1924 and information that Banach was interested in measure-theoretic questions for the rest of his life.
In Chapter 17, entitled "Game Theory: a Revelation Without Follow-up", we find information about a short work of Steinhaus from 1925, which was published in a minor one-day academic brochure and it was revelatory because game theory was still in its infancy (revelation occured after its translation into English in 1960). The author, however, does not mention Mazur's problem from 1928 (problem 43 in the Scottish Book), which was solved by Banach in 1935, but the proof was never published. It is known now as the Banach-Mazur game (see [21] , pp. 113-117).
In "Operator Theory in the 1920s" (Chapter 18) there is history and formulation of the Hahn-Banach theorem on extension of functionals in the real and the complex case, which is one of the fundamental theorems in functional analysis (completeness is not needed for the formulation). The original Hahn-Banach theorem was proved only in the real case, by Hahn in 1927 and by Banach in 1929. Hahn was working with the norm on a bigger real vector space, but Banach worked only with a sublinear (more precisely, subadditive and positively homogeneous) functional. The complex case was proved only in 1938 by Bohnenblust-Sobczyk and Soukhomlinov. We can read more on the history of the HahnBanach extension theorem in Pietsch's book [27, pp. 39-40] and in a survey paper by Narici and Beckenstein [23] .
In the same chapter we also have information that Banach's paper introduced dual space X * to a Banach space X and a dual operator. Then, the solution of Fréchet-Banach's (not Mazur's) problem that every infinite-dimensional Fréchet space is homeomorphic to a Hilbert space is discussed, which the author identifies as the Kadets-Anderson theorem (1966, page 107). Hovewer, they assume separability and the general case is due to Toruńczyk (1981) . In Chapter 19 we can find information about the audacity of the Lvov school in using nonconstructive methods which establish the existence of a mathematical object without specifically constructing it directly, such as proving the existence of continuous, nowhere differentiable functions without actually constructing one (Banach 1931 , Mazurkiewicz 1931 . The source of these constructions were the axiom of choice, Baire's category theorem from 1899 and the Lebesgue measure with the Lebesgue integral.
In Chapter 20, it is finally time to discuss Banach's monograph as "Polishing the Pearls" (the original Polish title was "Framing the Pearl"): S. Banach, Théorie des opérations linéaires, Monografie Matematyczne, Tom 1, Warszawa 1932, viii+252 pages (in French). Banach's book is dedicated to his wife Lucja (À Madame Lucie Banach) and consists of a foreword, introduction, twelve chapters, an appendix, notes and an index of names. An important part of the monograph are the Remarks (Remarques), which were written by S. Mazur. They include historical comments, remarks about the links between different notions and theorems, open questions and pointers for further research. The Ukrainian translation of Banach's book updated the "Remarks" section (cf. [24] 
in which they had a proof of the Stone theorem on approximation); noncommutative probability theory (Steinhaus' paper from 1938 on the subject of independence leading to a noncommutative theory of probability); graph theory (Kuratowski's theorem from 1930 on planar graphs, which is now one of the most basic theorems in modern graph theory; this part was not in the Polish version of the book); applications of mathematics and numerical analysis.
Steinhaus's achievements are described, and let us quote a part of Steinhaus's credo regarding the application of mathematics: People go to doctors to seek advice, but not to mathematicians.
Would they go to see a doctor if they could only attend medical lectures and if there were no hospitals, clinics, or pharmacies, if the only people available were professors or teachers of hygiene, but nobody who could actually examine them and prescribe them medicine?
It is mentioned that in numerical analysis one of the most frequently cited works is the work of Kaczmarz from 1937 where he described a method that provides approximate solutions to systems of linear equations with many variables. It is now known as Kaczmarz's method or Kaczmarz's algorithm. There is no doubt that Kaczmarz's method, together with Banachiewicz's Cracovian calculus and decoding of Enigma are the greatest achievements in computational mathematics made by the Polish mathematical school in the interwar period. Unfortunately, we don't know what he was planning to write about. Maybe on fixed point theorems and polynomial operators? However, I would like to mention that problem 87 in the Scottish Book concerns a nonlinear version of the Riesz-Thorin interpolation theorem. My comments to this problem can be found in [21] on pages 161-170.
We can also note that were plans to print the following three books in Mathematical Monographs (cf. Life was very far from normal, and Soviet propaganda with socialist ideology was the political priority. There were constant and endless meetings and reorganisations. There was constant threat of arrest without warning, imprisonment and deportation.
The German occupation of Lvov started one week after the start of the Russo-German war and lasted three years (June 30, 1941 -July 27, 1944 Then, we find a comment that many important results obtained at Lvov were either published too late or not at all, supported with several examples. There is also a collection (Rutten 1936 (Rutten , 1943 , Ethiopia (Mariani 1939) and other countries. When Germans occupied Lvov (1941) (1942) (1943) (1944) , they ordered Weigl to set up a vaccine production plant at his Institute. Over five hundred people worked there (a list can be found at http://www.lwow.home.pl/weigl/weiglowcy.html). Weigl employed and protected Polish intellectuals, Jews and members of the Polish undeground. His vaccines were smuggled into ghettos in Lvov and Warsaw, saving countless lives, until the Institute was shut down by the Soviet Union following their 1944 anti-German offensive. In 1945 Weigl moved to Kraków (Cracow) as Professor of General Microbiology at the Jagiellonian University (1945) (1946) (1947) (1948) , and finally to the University of Poznań (1948) (1949) (1950) (1951) . Production of the vaccine remained at Kraków for some years. After retirement, Weigl died on August 11, 1957 , in the Polish mountain resort of Zakopane, reaching 74 years of age. More information can be found in [32] and in [1] .
of weak points of the Lvov school taken from the Pe lczyński-Semadeni article from 1969. I would like to mention two of them: the Lvov mathematicians were considering real Banach spaces neglecting spaces defined over the complex numbers, and by concentrating on bounded linear operators, also neglected unbounded operators. Despite these weaknesses, the Lvov School of Mathematics was nonetheless an institution of the highest class and its legacy occupies a permanent place in the history of mathematics. The names "Banach" and "Banach spaces" will remain permanently in mathematics.
Let and Eustachẏ Zyliński . Some new information about some of these mathematicians can be found in the recently published papers [12] - [15] and [20] .
Finally, in Part VII, there are collected "Bibliographies" and we have in Part A. Mathematical works by Lvov mathematicians (pp. 195-204), in Part B. Personal recollections, surveys, and historical source material (pp. 205-217) and in Part C. Other mathematical works cited (pp. 219-223). The book ends with the "List of illustrations and acknowledgments" (pp. 225-226) and the "Index of names" (pp. 227-231). There is no subject index.
Like every book, this one is also not free of misprints or errors. The Mathematical Intelligencer asked me to put the list of typos and errors in MR (MathSciNet), who just informed me to sendthem only to the author, so I am collecting them here.
The photo on page 42 is from 1931 not from 1930, on page 85 it is written that Banach and Steinhaus showed that a certain integrable function cannot exist but, in fact, they constructed a counterexample, that is, such a function exists; contrary to what we read on page 88 translations are not linear operators except identity; Lomnicki was not the advisor of Banach (p. 85); on page 92 in line 12 from above we have "all possible distances," but it should be "all possible differences"; on pages 108, 121, 228 the name Enflo has erroneously two dots over "o" (by the way, many Polish authors have also misspelt Enflo's name).
On p. 108 we read that Banach and Mazur proved that every normed separable space is isometrically isomorphic to some subspace of C[0, 1] and it was the first example of a universal space for some class of locally compact spaces -it should be "locally convex" instead of "locally compact." On the same page, the Mazur-Ulam isometry theorem is not formulated as it was in their original paper. They proved that every surjective isometry f : U → V between two real normed spaces is affine, that is, ∥f (x) − f (y)∥ = ∥x − y∥ for all x, y ∈ U implies that the map T : U → V , defined by T (x) = f (x) − f (0), is linear. Then, in 1971, Baker proved their result without the assumption "onto," but he needs a strict convexity assumption on the space V (namely, if x, y ∈ V, x ̸ = 0, y ̸ = 0 and ∥x + y∥ = ∥x∥ + ∥y∥, then x = λy for some λ > 0). (1910-1943?) , but the year 1943 should be replaced by 1941 (cf. [20] , p. 38). On p. 191 is "Żyliński authored several papers and a couple of textbooks," but it would be more precise to write: "Żyliński authored over 20 papers in number theory, algebra, logic, foundations of mathematics and 6 textbooks" (cf. [12] [5] ) generated much interest in Poland, evidenced by eight favorable reviews in both specialist and general journals, and the fact it won the prize for Poland's best academic book of the year 2008. I believe that the English version will also be successful.
Since the publication of the first edition new documents have come to light and some new works have appeared, which has made it possible to implement minor corrections, and provide extra substance to the main text in several places, while including some new entries in the bibliography. For further reading about mathematicians and mathematics in Lvov I recommend the following literature (unfortunately, some only in the Polish language): the books [7] - [9] , [27] , [30] , and the following useful or new articles (not cited in Duda's book): [2] , [4] , [10] - [15] , [19] - [20] , [23] - [26] , and [28] - [29] . Moreover, let me mention that the second edition of Duda's Polish version of the book appeared in 2014 (cf. [8] ).
The second edition has ten pages more than the first one, i.e., 266 pages, where has been added a little history, two photos: Ulam on page 92 and photo 28 on page 166 with the unveiling on July 3, 2011, of the monument Polish Lvov university professors were shot by the Germans in July 1941, in the 70th anniversary of the murder and forty entries of additional literature, including 6 papers by Duda, 14 papers by Przenios lo (however, not the book [30] ), 4 papers by Prytu la and papers [13] , [20] . In the second edition there were also corrected the Banach theorem on fixed point (p. 104), the Schauder theorem on inverse of operators (p. 124) and the Mazur theorem on relative compactness of the convex hull (p. 125). Colorful pictures and scans in the first edition look much better than the black-and-white ones in the second edition.
In 2015 Roman Duda received the Mayor of Wroc law Award for two Polish editions and English translation of the book about the Lvov School of Mathematics. The same award for 2015 was also received by the translator of Duda's book -Daniel Richard Marian Davisborn in Nowa Huta near Kraków (Poland) and educated in England.
Finally, I can conclude that Duda's book is a must-read for everyone interested in the history of functional analysis or of mathematics in Poland.
